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We consider graphs and digraphs obtained by randomly generating a prescribed number 
of arcs incident at each vertex. 

We analyse their ahnost certain connectivity and apply these results to the expected value 
of random minimum length spanning trees and arborescences. 

We also examine the relationship between our results and certain results of Erd6s and 
R6nyi. 

1. Introduction 

This paper is concerned with the connectedness of  certain random graphs and 
digraphs. The most common approach to studying random graphs is either to consi- 
der a graph Gn,N with n vertices and N edges chosen at random (see Erd6s and R6nyi 
[1], [2], [3]), or to fix p, 0 < p <  1, and include each possible edge independently with 
probabilityp. 

However, in his paper on the expected value of a random assignment problem, 
Walkup [6] uses results on a random bipartite graph that is generated in the following 
manner: for each vertex v, generate independently at random m distinct edges con- 
taining v. 

In this paper we consider general graphs generated in an analogous manner. 
Our motivation for studying these graphs is that various interesting properties of  
G,.N, like connectivity and the existence of hamiltonian cycles, seem to occur when N 
is large enough to force a lower bound on the degrees of each vertex with probability 
tending to 1. In this paper we show, for example, that choosing 2 random edges con- 
taining v, for each vertex v, is sufficient to ensure connectedness (mor :over nonsepa- 
rability) with probability tending to 1. In a future paper we intend to discussthe exist- 
ence of hamiltonian cycles in such graphs.* 

The structure of the paper is as follows: in Section 2 we consider the vertex 
and edge connectivities of a random graph G~ n) with n vertices where, for each vertex 

AMS subject classification (1980): 05 C 40; 60 C 05. 
* We have shown there exists m0 such that for m~_mo Gm is hamiltonian with probabili- 

ty~ 1, [7]. We are currently trying to reduce m0 (from 23). 
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v independently, m edges are generated containing v. We show that, with probability 
tending to 1 as n ~ ,  G~ ) has both vertex and edge connectivities equal to m for 
m_->2~ and that G~ "~ is not connected. 

In Section 3 we apply these results to establish that the expected length of a 
minimum spanning tree in the complete n vertex graph, with edge lengths indepen- 
dently drawn from the uniform distribution on [0, 1], never exceeds 2(1 + log  n/n). 

In Section4 we obtain a characterisation of those graphs which can be 
instances of GC,', ') ; this enables us to relate our results to those of Erdd~s and R6nyi [3]. 

Lastly, in Section 5 we outline similar results for a corresponding class of ran- 
dom digraphs. 

2. Connectivity 

We begin with the definition of  the random digraph DG[2 }, where 1 ~m<_ - 
n -  1. The vertex set of DG~ ) is V, = {1, ..., n}. The arcs of DG~p ) are obtained by 
independently taking each vE V, and then randomly choosing m distinct arcs (v, w), 

where w( V , - { v } ,  so that, for each v~ V,, each of the - In 2 1 / - possible sets of arcs 
] 

has the same probability of being chosen. 
G~ ) is the random graph obtained from DG~"} by ignoring the orientation of 

the arcs. (Strictly, G~ "1 is a multigraph as some edges may occur twice.) 
For a graph G, the vertex connectivity C,(G) is the minimum number of  ver- 

tices the deletion of which disconnects G. The edge connectivity C~(G) is defined simi- 
larly in terms of edges. 

Theorem2.1. (a) For rn>-2, !irn Prob(C~(G[2})=m)=l.  

(bJ For m>=2, lira Prob(C~(G~">)=m)=l. 

(c) lirn Prob (GI "} is connected)=O. 

Proof. (a) Consider the deletion of p vertices from the random graph G~ ), where 
0_-<p_-< m - 1 .  If G~ ) can be disconnected by deleting p vertices then there exists a 
partition (P, S, T) of V,, where IP]=p, [S [=k  and I T [ = n - p - k ,  with m - p + l  <= 
k<=n-m - I, such that G O') has no edge joining a vertex in S to a vertex in T. 

For  an arbitrary such partition, the probability of this is 

[(p-t-k-1)/(nm l)f{(n-k--1)/Cn~l))"-P-k ~ fk+p lk " In -k l  "-p-'>'' 
Thus, 
(2.1) A (m, n, V) = Prob (Co (G~)) ~ p) 

fk + pik'V-kl 
"~ k ! p ! ( n - p - k ) t  t---~-} I,----~1 " k = m - - p + l  

N o w ,  

n! 12n n ~+~ 

k ! p ! ( n - p - k ) !  12n--1 p!ePkk+~r(n-- p--k)"-P-k+ ~ ]/2--n~ 

c~(m, n, p)n" 
k k (n - p - k)"- p- k , 
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where 

Thus  

(m, n, p) = ( 1 2 n / ( 1 2 n -  1)) (n/( (m - p + 1) (n - m -  1)) )½ /(p ! e p 1/ 2"~). 

L'~(n- p) A 
A ( m ,  n, p) <= ~(m, n, p) k z~+~p ((k + p ) / k ) k ( ( n - k ) / ( n - p - k ) ) " - P - ~ u  k 

where uk = ( k  + p ) ( "  - a)k ( n  - k )C" - ~) c.  - p -  ~) n " - " ( "  - P). 

N o w  ((k +p) /k )  k ((n - k)/(n - p  - k))" - ~' -k <_ e v × e", and (k +p)k (n - k)" - p-  k decreases 
monotonica l ly  with increasing k for  k<-½(n-p ) .  

Therefore ,  

(2.2) A (m, n, p) <- o~(m, n, p)e2P(Um_p+ l + k ( n -  2m + p -  2)u,,_r+ ~) 

<- o~(m, n, p)e2P(an ~-"(m-p) + bn 3-mC"-p+ l)) 

where a =- ( r e + l )  (m-1)(m-p+l) and b = ½ ( m + 2 )  (m-a)(m-p+2). I t  follows tha t  
(n) lirn A ( m , n , p ) = O  for  m=~2 and O<-p<m. Thus  lim Prob(Co(am )->m)=l. 

We comple te  the p r o o f  o f  (a) by showing that  

B(m,  n ) =  Prob  (G(, ") has a vertex o f  degree m)-+ 1 as n ~  ~o. 

This will imply that  lim Prob  (C, , (Gm)<m)= 1 and  hence the result. 

Let  E ('° be the event tha t  vertex k has indegree zero in the associated digraph 
DG~ "). Thus  the degree of  k in G ~  ) "~ '~(") is m if and only i~ z~i occurs, 

Now consider SC= V. with [S[=s.  Then 

([o--)/(, 
q ( m , n , s ) = P r o b ( , ~ s E  ( ' , ) =  m s 1 m , )  l,', m //~. m = 

- -  (1-s/(n- 0)"(1 + ( m / ( n - s -  m)))'. 
t = l  

Thus,  keeping s fixed, we see that  l irn q (m, n, s) -- e - m~. I f  we let t be a fixed positive in- 

teger t hen , forn>=t ,g (m,n )>-C(m,n ,  t ) = P r o b  = ~ ( - 1 )  ~-1 q(m, n, s). 

Therefore  lijn C(m,  n, t ) =  l - ( 1 - e - m )  ', so for  n>-no(t ), B ( m , n ) > = l - ( 1 - e - m )  t -  

- 1/t. However ,  since t is a rb i t rary ,  we see in fact  tha t  l irn B(m,  n) = 1, which com-  

pletes the p r o o f  o f  (a). 
(b) N o w  Ce(G~' ) )~C, (G~ ")) and if G ~  ) has a vertex o f  degree m then Ce(G(~"))<=m. 
The  result thus follows f rom (a). 
(c) I t  was shown by Ka tz  [4] that  P rob(Gx (') is c o n n e c t e d ) = 2 ( n - l ) ! .  

11--2 

2* 
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3. Expected length of a minimum spanning tree 

In this section we obtain some results concerning the following question : given 
a complete graph CG. with n vertices and with edge lengths drawn independently and 
uniformly from [0, 1], what is the expected value E,, of the minimum length of  a 
spanning tree of CG,? 

Using an approach derived from that used by Walkup [6] for the assignment 
problem, we shall show that 

(3.1) E,  < 2(1+1og n/n). 

For the moment we consider n as fixed. For  each distinct pair i , j  with 1 -<i, 
j<-n, let Yi~' be a random variable with distribution function 

(3.2) F ( 2 ) = 1 - ( 1 - 2 ) * ,  0=<2=< 1, 

the Yij all being independent. For  e =  {i,j}, if we let Xe=min (Yij, Yji) then Xe 
is unilorm in [0, 1]. 

Walkup observed that F(2)_->H(2)=2/2 where H is the distribution function 
for a random variable uniform in [0, 2]. For  each i, let Yi. tk) and Utk), respectively, 
denote the U h smallest of the n - 1 random variables Yii and the U h smallest of n -  1 
uniform random variables in [0, 1], then 

(3.3) E(Y~ck) ) <-- 2E(U~)  = 2k/n. 

(In order to overcome the technical difficulty of ties in the definition of  the k th small- 
est of n random variables we delete the tie set, which has probability zero, from the 
underlying probability space.) 

The edge lengths in CG,, are obtained by sampling the Y~j and then computing 
X~=min(Yii ,  Yji), as above, for each e={i, j} .  

Given {Yii} and m-<_n-1, let Gm be the random graph obtained as follows: 
for each vertex i =  1, 2 . . . .  , n, select the m smallest of the Yo', 1 <-j<-n, and then 
take the m corresponding edges {i,j}. We note that the graph G,, has the same dis- 
tribution as the graph G},~ ') of Section 2. The length of edge e={i , j }  in G,, is Y~j 
or Yji or rain (Yij, Yj~) depending on whether one or other or both of Yij and Yji are 
selected. 

For a given Y we obtain a spanning tree T of CG. as follows: 

l. Construct G~. 
2. I f  G2 is connected then 

(a) Construct Gt and delete the longest edge from any cycle. 
(b) Connect up the remahffng forest using edges o f  Gz-G1. 

3. I f  G.~ is not connected then choose an arbitrary spanning tree in CGn. 

Let F, be the expected length of  T and, for l_<-k<=[n]2J, let qk = 
Prob (G~ has k components and G2 is connected). Let rc ,=Prob (G~ is not con- 
nected) =A (2, n, 0). 

Now 
knl2 J 

e .  r .  < 
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The summation corresponds to the case when G2 is connected because if G1 has 
k components then T uses n - k  edges of G1, whose expected lengths do not exceed 
2In, by (3.3), and k -  1 edges of G2-G1, whose expected lengths do not exceed 4/n. 
The term ( n - 1 ) n ,  corresponds to the case where G,, is not connected, in which case 
the length of  T does not exceed n - 1 .  

We note that n, = 0 for n =< 5, and from (2.2) it is straightforward to show that 

(3.4) re,<= 1/n(n--l) for n =>2. 

Now qk<=pk=Prob(G~ has k components) and thus 
knl21 

E, < • (2(n-k) /n+4(k-1) /n)pk+(n-1)n,= 
k=l  

kn/2Z [ kn/22 "1 
= 2 - 4 / n + 2  k=~ ~y kpk/n+(n--1)n, < 21,1+ k__~ i= kpk/nJ, by (3.4). 

Now Kruskal [5] shows that 

L n/S J 2 X kPk ~ nI/((n--j)ljnO < log n 
k = l  j = l  

(3.1) now follows immediately. 
It seems reasonable to conjecture that E~ is monotonically increasing in n, 

in which case (3.1) would imply E,<=2 for all n. 

4. m-orientable graphs 

Every instance of the graph G,(, ") has n vertices and mn edges where an edge 
can be repeated at most twice and each vertex has degree at least m. It is not true, 
however, that these properties characterise G} "). In this section, therefore, we obtain 
such a characterisation. 

We first consider graphs without repeated edges. Given a graph G=(V, E), 
an orientation f2(G) of G is a digraph (V, f2(E)) in which 

(4.1a) (v, w)EI2(E) ~ {v, w}~E, 
(4.1b) {v, w}~E:=~ I{f2(E)('l {(v, w), (w, v)}[ = 1, 

i.e. each edge of  E is oriented by f2. 
Now let c~: V ~ Z  +, the set of  non-negative integers. The graph G is c~- 

orientable if there is some orientation f2(G) for which the outdegree of v is at least 
c~(v) for all vC V. (Our aim is to find a way of determining whether a graph G is a 
G(m "), i.e. whether it can be oriented to yield a DG~,",).) 

For a set S ~  V, we let c~(S)= ~Yc~(v). We now obtain a characterisation 
of  a-orientability. ~ s 

Theorem 4.1.* A graph G=(V, E) is c~-orientabte i f  and only if, for all SC= V, 
(4.1) I{eCE: eNS # O}I >= c~(S). 

* This result was also obtained by Frank and GyfirfS.s [8]. 



352 T. I. FENNER,  A. M. F R I E Z E  

Proof. The necessity of  4.1 is evident, for if f2(G) is an a-orientation then at least 
e (S)  arcs must have their tails in S. 

To prove sufficiency, we consider the following maximum flow problem (see 
Figure 1): 

V E 

/ 
/ 

. f / /  v (v.wl 
s ~ t  

Fig. I 

Let D be the digraph (X,A)  where X = { s , t } U V U E ,  A=A1UA~UA~, 

= {(s, v): 

A~ = {(v, e): vEeEE}, 

A3 = {(e, t): eEE}. 

The flow capacities c: A-~Z + are defined by 

i(v) if a = (s, v)EA1, 
c(a) = if aEAz, 

if aEA3. 

We observe first that G is e-orientable if and only if the maximum value of  an 
s - t  flow in D is e(V). 

Condition (4.1) ensures that a cut separating s and t which contains no arcs of 
As has capacity at least e(V). Then, on applying the Max-Flow-Min-Cut Theorem 
of Ford and Fulkerson, we obtain the result. II 

In order to deal with multiple edges, we now define a graph as G=(V, E, I~) 
where V, E are as before and p: E~{1 ,  2} gives the edge multiplicities. An edge 
e =  {v, w} with /~(e)=2 should be oriented in both directions to correspond with 
the way double edges arise in obtaining G(~ n) from DG~ n). We therefore change the 
definition of  an orientation, replacing (4.1b) by 

(4.1b') {v, wIEE =, [12(E)71 {(v, w), (w, v)}[ = tt(e). 

The definition of  e-orientable remains unchanged. It now follows easily that, if 
eEE and #(e)=2,  G = ( V , E , p )  is e-orientable if and only if G'=(V,E-{e},u') 
is e'-orientable, where e ' (v)=e(v)  for vC~e and e ' (v )=max  (0, e ( v ) - I )  for vEe, 
and #' is the restriction of  p to E -  {e}. On combining this remark with Theorem 4.1 
we obtain 
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Corollary 4.1. A graph G=(V,  E, p) is ~-orientable i f  and only i[, for all SC= V, 

(4.2) I{eEE: eOS ~ 0}l+ • (#(e)--l)  ~c~(S). 1 
eC=S 

If  m is a positive integer, we use the term m-orientable to denote c,.-orientable 
where c,.(v)=m for all vE V. Hence we see that the graphs G~. ") generated as in 
Section 2 are precisely the m-orientable graphs for which ~ I~(e)=mn. 

eEE 
Erd6s and R6nyi [3] have shown that, for a fixed integer m=>0 and real c, 

if N=N(n)=½nlogn+½mnloglogn+cn and Go, N is a random graph with 
n vertices and N edges then 

(4.3) lifn Prob (C~(G..N) = m) = 1 -- exp (-- e-ZC/m !). 

This is derived by showing that, with probability tending to 1, Cv(G.,r~)>=m 
and with probability tending to 1 - e x p  (-e-2C/m!) G.,N has a vertex of degree m. 

We next show that 

(4.4) lira Prob (G,,.u is m-orientable) = 1, 

which combined with a modification of Theorem 2.1 for the case with no repeated 
edges, leads us to conjecture that the m-connectivity of G,,~ could be deduced from 
its almost certain m-orientahility, provided m~2 .  

Now if G,,N is not m-orientable, by Theorem 4.1 there exists a set S of s 
vertices which meet k edges, where k <-ms-1. Thus Prob (G,,u is not m-orientable)<- 
An, where 

~ . r , ¢  

the range of summation. We show in an appendix, that lifn A,=O, which yields 

the desired result (4.4). 

5. Digraphs 

Our results on the connectivity of G}2 ) extend easily to digraphs. The random 
digraph D~ ") has vertex set V,. The arcs of D[2 ) are obtained by first independently 
taking each v~ c V,, then randomly choosing m distinct arcs (v, iv) where wE V , -  {v} 
and finally randomly choosing another m distinct arcs (w', v) where w'E II,-{v}. 

One can easily show that, if .4(m, n, p) is the probability that there exists a set 
of  p vertices whose deletion from D[2 ) leaves the remaining digraph not strongly 
connected, and if/~(m, n) is the " '~(") probability that 1_,,, contains a vertex with outdegree 
m, then 
(5.1a) A(m, n, p) -<_ 2×[R.H.S.  of (2.1)], 

(5.1b) /~(m, n) = B(m, n). 
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We thus have 

Theorem 5.1. (a) For m~2,  ,!!m Prob (SCo(D¢,",)) = m ) =  1, 

n ~  "D (n)] m (b) For m>=2, lira Prob(SCet  m ~= )=1  

where, for any digraph D, SC~(D) is the minimum number o f  vertices that must be 
deleted in order that the remainhTg digraph be not strongly connected. SCe(D) is de- 
fined similarly in terms of  arcs (directed edges). II 

It is at present not known whether or not the probability that D[ ") is strongly 
connected tends to 1. 

Minimum length arborescences 

The results on the expected length of  a minimum spanning tree can be partially 
generalis:d to the expected length of a minimum spanning arborescence rooted at 
vertex 1. (An arborescence rooted at vertex 1 is a digraph in which vertex 1 has 
indegree 0, every other vertex has indegree 1, and the graph obtained by ignoring arc 
orientations is a tree.) 

Assuming that we are given a complete digraph CD, with n vertices and with 
arc lengths drawn independently and uniformly from [0, 1], we shall show that the 
expected length E, of  a minimum spanning arborescence rooted at vertex 1 is less 
than 3. 

For  each distinct pair i, i with 1 <_-i, j_<-n, let Y~j and Z~j be independent 
random variables with distribution function (3.2). Let X~j=min (Yii, Zij) be the 
length of the arc (i, j )  in CD,. Let Dr, be the random digraph obtained as follows: 
for each vertex i =  1, 2 . . . .  , n, select the m smallest of the Y~j, 1 ~_j<-n, and then 
take corresponding arcs (i,j) and similarly select the m smallest of the Zj~ and take 
the corresponding arcs (j, i). We see that the digraph D,, has the same distribution as 
the digraph D~ '). 

For given Y and Z, we construct a spanning arborescence R as follows: if 
D2 is strongly connected then it contains at least one spanning arborescence rooted 
at vertex I so we choose the shortest of  these, and if D2 is not strongly connected 
then we choose an arbitrary spanning arborescence in CD,. 

Let F, be the expected length of R, then we see that 

~, ~_ F. <= 3(n-1) /n+(n-1) t~,  

where r2,=Prob(D2 is not strongly connected)=A(2, n,O). The term 3(n-1) /n ,  
which corresponds to the case when Dz is strongly connected, is n - 1  times the ex- 
pected length of  an arc of D~. 

The result now follows as 3/n>(n-1)~ ,  since ~,<-2rr,~_2/n(n-l) by 
(5.1) and (3.4). 

As in Section 4 we pursue a characterisation of the digraphs D~, "). This time, 
given ~,/~: V ~ Z  + and a digraph D=(V, A), we determine whether there is a 
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function ~o: A ~ V such that 

(5.2a) ~o((v, w))E {v, w} for (v, w)EA, 

(5.2b) ]{(v, w)EA: q~((v, w)) = v}l _->~(v) for vEV, 

]{(w,v)EA: q)((w,v))=v}l _-> fl(v) for vEV. 

The digraphs D~ "~ without repeated arcs satisfy (5.2) with 
c,,(v)=m for vE V. 

et=fl=e m, where 

Fig. 2 

Vertices: 

Ares: 

By considering the maximum flow problem (see figure 2): 

{s, t } U V U V ' U A ,  where V" = {v': vEV} 

A1U A~ U Aa 

A1 = {(s, v): vEV}U{(s, v'): v'EV}, Capacity: 

A2 = U {(v, a), (w', a)}, Capacity: 
(v, w) £ A 

A3 = {(a, t): aEA}, 

c(s, ~) = ~(v) 

c(s, v3 = 11(~) 

~o(_--- ~(v)+~(v)+0 

Theorem 5.2. Given ~ and fl, there exists q~ satisfying (5.2) i f  and only i f  for all 
S, Tc= V we have 

(5.3) I(v,w)EA: yES or wET}I ->~(S)+f l (T) .  1 

Repeated arcs are dealt with as in section 4, i.e. by considering the reduced 
problem obtained by ignoring repetitions and modifying c~ and fl appropriately. This 
leads to an extra term ~'(#(v,  w) - 1 ) on the left side of (5.3), where the summation is 
over all (v,w)EA with yES and wET. 

Capacity: 1, we obtain 
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N o w  let 

where 

p = 

A" = , 2  ,~,1 <= 

N -  m s  + 1 = 

R, _il nlZ n s 2 
,wiZ ~ m s  P Q  

for some ~ > 0  

Also 

and so 

when n is large, and where 

s 

Q •  t=O ( 2 } _ _ t J  [-~j_<-{x,~) 
~_ exp (-- s log n - s m  log log n --  2cs)  = n -~ (log n ) -"s  e-2% 

R; il 2 < ( s ( n - ½ s - ½ ) )  " ~ - i  
= ( m s  --  1) ! ~_ (2en)m~-i 

, m (2ae)m~_ i = O 
A,<_- = ( s - l ) !  l o g n  

and so A~-~0.  

N o w  let A " =  . Z  v~ . Now 
n s=--ff+l 

where 

m-1 
U = H  

t=O 

v~+___.L = __n-- s U V  
0 s S 

{ n T s } - ( N - m ( s +  l ) + t +  l ) 

[ N - m ( s + l ) + t + 2 ]  

~ c t I s l ° g n ]  m 

k n - - S  ] 
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for some ~ > 0 when n is large and 

V=  
n - - s - - 2  

17 
t = O  ~ -----7-dn - - - ~  ~ " ) ÷'÷1 I [n 2 s}-t-(N-ms) 

for some ~>0  when n is large. 
Thus 

"Ds+ a ( S ,~m-1 

and this is =~ 1, for large n. 

Thus 

(AI) 

(log n)"_~ ~fl (log n)" =~ 1 

zl': ~= ½ nv=~.~ 

From its definition a=a(n) satisfies 

n 

= 2  

(A2) 

n - a - - l }  < N-m(a+l)+ 1 or 
2 

(n2a)-(n-a-1)<(N-ma+l)-m 

from which we deduce r-x(n2aj_(N_ma+ 1 )<n-a .  

From (A2) we can also deduce that 

(n-a)Z-3(n-a)+2 -< 2(N-m(a+l)+l) 
from which we obtain n-a<=21/2-N assuming n large. 

It then follows that 

,N--ma+[ (n2a )  I1 ~ [ ( [ 2 1 ) ]  -~ ( 2y2-N)N as n--a~--½( 2n a) for large n 
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and so 

( ) v o  m a  - -  " 

Itfollowseasilyfrom(A1),since[(2)]ismuchlargerthannv,,thatA~-~O. 
Thus An-~0 as was to be shown. 

Note added in proof. A. M. Frieze has recently improved the result of Section 
3 by showing that En-+ ~ (3). 
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